International Journal of Scientific & Engineering Research Volume 9, Issue 3, March-2018 89

ISSN 2229-5518

ON FUZZY e-CONTINUOUS MULTIFUNCTIONS

V. Chandrasekar’

! Department of Mathematics
Kandasami Kandar’s College,
P-velur, Tamil Nadu — 638 182
vcsekar3895@gmail.com
A. Vadivel?
Department of Mathematics
Govt. Arts College (Autonomous),
Karur, Tamil Nadu — 639 005.
avmaths@gmail.com

D. Sobana’.
® Department of Mathematics
Kandasami Kandar’s College,
P-velur, Tamil Nadu — 638 182
slmsobana@gmail.com

Abstract : In this paper a new type of fuzzy
multifunction termed as fuzzy e-continuous
multifunction has been introduced and
studied. Some characterizations and several
properties of fuzzy lower and upper e-
continuous multifunctions are obtained.
Keywords Fuzzy e-open, fuzzy e-
continuous, fuzzy multifunction.

AMS (2000) subject classification: 54A40,
03E72.

1.Introduction

The concept of fuzzy set was introduced
by Zadeh [6]. Based on the concept of fuzzy
sets, Chang [2] introduced and developed
the concept of fuzzy topological spaces.
Since then various important notion in the
classical topology such as continuous
functions [2] have been extended to fuzzy
topological spaces. Fuzzy continuity is one
of the main topics in fuzzy topology.
Various authors introduced various types of
fuzzy continuity. One of them is fuzzy e-
continuity. In 2014, Seenivasan [5]
introduced the concept of fuzzy e-open and
fuzzy e-continuity. Throughout this paper

spaces (X,8) and (Y,a) (or simply X and Y
) represent nonempty fuzzy topological
spaces due to change [2] and the symbols I
and I*have been used for the unit closed
interval [0, 1] and the set of all functions
with  domain X and codomain 1,
respectively. The support of a fuzzy set A4 is
the set {x € X: A(x) > 0}and is denoted
by supp(A).A fuzzy set with only nonzero
value p € (0,1]at only one element
x € Xis called a fuzzy point and is denoted
by x,and the set of all fuzzy points of a
fuzzy topological space is denoted by
Pt(X). For any two fuzzy sets A and B of
X,A=RB if and only if A(x) = B(x) for
all x € X. A fuzzy point x, is said to be in a
fuzzy set A (denoted byx, € A) ifx, = A,
that is, if p < A(x).The set of all fuzzy
points having nonzero value €, 0 <e <1
and contained in the fuzzy set A is denoted
by Pr(4,e). The constant fuzzy sets of X
with values 0 and 1 are denoted by 0and 1,
respectively. A fuzzy set A is said to be
quasi-coincident with B (written as AqR) [3]
if A(x) + B(x) = 1 for somex € X. A
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fuzzy set A is said to be not quasi-coincident
with B (written asAgB) [3] if
A(x) + B(x) =1 for all x € X. A fuzzy
open set A of X is called fuzzy quasi
neighborhood of a fuzzy point x,, if x,qA
and the collection of all fuzzy quasi
neighborhood of a fuzzy point x,, is denoted
by FQN(X, x,).The fuzzy closure of A,
fuzzy interior of A, fuzzy &-closure of A and
the fuzzy o-interior of A are denoted by
Cl(A), Int(A), Clz(4) and IntzA)
respectively.

A fuzzy subset A of space Xis called
fuzzy regular open [1] (resp. fuzzy regular
closed) if A = Int(CI(A))
(resp.A = Cl(Int(A)). The fuzzy &-interior
of fuzzy subset A of X is the union of all
fuzzy regular open sets contained in 4. A
fuzzy subset A is called fuzzy &-open [4] if
A = Intg(A). The complement of fuzzy §-
open set is called fuzzy §-closed (i.e, A =
Cls(A)). In this paper we use fuzzy e-open
sets in order to obtain certain
characterizations and properties of upper
(lower) fuzzy e-continuous multifunction.

2. Preliminaries

Definition 2.1. [5] A fuzzy setA of a
fuzzy topological space X is said to be fuzzy
e-open if A < Cl(Intzh) V intCls(A), where
Cl(A) =A {u:pu=A,10f pis fuzzy closed
in X} and Int(Ad)) =V {pu:u=A1 pnis
fuzzy open in X}. If A is fuzzy e-open, then
1 — Ais fuzzy e-closed.

Definition 2.2. [5] Let Xbe a fuzzy
topological space and 1 be any fuzzy set
inX. The fuzzy e-closure of Ain Xis
denoted by ecl(A) as  follows:
eCl(u) =N {A:Az=pudis a fuzzy e-
closed set of x}. Similarly we can define
elnt(4).

Definition 2.3. [1] A fuzzy topological
space Xis product related to a fuzzy
topological space Y if for fuzzy sets § of X
and nof Y whenever 1 —A % §and
1—puEn= 1 -AxXx1)A0XxXx1-—-
p) =6 xXn
, Where A is a fuzzy openset in X andu is a
fuzzy open set in Y, there exists 4, a fuzzy
open set inX and p, a fuzzy open set in Y
such that 1 -4, =6 and
1 —u, = nand
(1-4,x1)v(@ x1 —p)= (1-2Ax
1) v(1 x1 —p).

3. Fuzzy e-continuous multifunctions

Definition 3.1. Let F: X -Y be a
fuzzy multifunction from a fuzzy topological
space (X,7) to a fuzzy topological space
(Y,v). Then it is said that F is:

(1) Upper fuzzy e-continuous at x. € Xif
for each fuzzy open set p of Y
containing F(x. ), there exists a fuzzy
e-open set p containing x. suchthat
p = F (.

(2) Lower fuzzy e-continuous at x.€ X if
for each fuzzy open set p of Ysuch that
x. € F~(u) there exists a fuzzy e-open
set p containingxsuch that
p=F (.

(3) Upper (lower) fuzzy e-continuous if it
has this property at each pointof X.

We know that a net (xZ) in a fuzzy
topological space (X,7) is said to be
eventually in the fuzzy set p < X if there
exists an index e, € J such that(xg ) € p for

all e = e,.

Definition 3.2.A sequence (x., ) is said to e-
converge to a point X if for everyfuzzy e-
open set p-containing =x.there exists an
index ng such that for
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n = ng, (x,, ) € u.This is denoted by

X g X
n
( £ ) e ‘e

Theorem 3.1. Let F: X =Y be a fuzzy
multifunction from a fuzzy topological space
(X, ) to a fuzzy topological space
(Y,v).Then the following statements
areequivalent:

(1) Fis upper fuzzy e-continuous.

(2) For each x. € X and for each
fuzzy open setu such that
x. € F*(u)there exists a fuzzy
e-open set p containing X.
such that p <= F*(u).

(3) F*(w)is a fuzzy e-open set for any
fuzzy openset u<Y.

(4) F~(u) is a fuzzy e-closed set for any
fuzzy opensetu €Y.

(5) for each x, € Xand for each net (x{))
which e-converges to x.in X and for
each fuzzy open set u < ¥ such that
xe € F*(u),the net (x£ )is eventually

in F*(u).

Proof. (1) < (2) this statement is obvious.

(1) <(3) Let x, € F*(u), and let u be a
fuzzy open set. It follows from (1) that there
exists a fuzzy e-open set p,  containing

xesuch that p, < F*(u).It follows that

F*(u) =Vy ert( Px and hence F*(u)
is fuzzy e-open. The converse can be shown
easily.

(3) =(4) Let u = Y be a fuzzy open set. We
have ¥ \u is a fuzzy openset. From (3),
FY(y\p) = X\F~ (n) is a fuzzy e-open
set. Then it is obtained that F~(u)is a fuzzy
e-closed set.

(1) = () Let (xZ) be a net which e
converges to x. in X and let pu < Y be any
fuzzy open set such that x. € F*(u). Since
F is an upper fuzzy e-continuous
multifunction, it follows that there exists a
fuzzy e-open set p < Xcontaining x. such

that p = F*(u). Since (x, )e-converges to
x. it follows that there exists an index
eo €] such that (xZ)€p for all e = e
from here,we obtain that
(xE,) € p < F*(u) forall e = e,. Thus the
net (x£ )is eventually in F*(u) .

(5) =(1) Suppose that is not true. There
exists a point x, and a fuzzy openset p with
x. € F*(u) such that p £ F*(u) for each
fuzzy e-open set p = XcontainingxLet
xe, Ep and x. € F*(u) for each fuzzy e-
open set p < Xcontaining x.. Then for the e-
neighborhood net (x.,),x., —. x.but (x.)
is not eventually in F*(u). This is a
contradiction. Thus, F is an upper fuzzye-
continuous multifunction.

Theorem 3.2. Let F: X -V be a fuzzy
multifunction from a fuzzy topologicalspace
(X,7) to a fuzzy topological space (Y,v).
Then the following statements are
equivalent:

(1) Fis lower fuzzy e-continuous.

(2) For each x. € X and for each fuzzy
open set p such that x, € F~(u)there
exists a fuzzy e-open set p-containing
x. such that p < F~(u).

(3) F~(w)is a fuzzy e-open set for any
fuzzy opensetu =Y.

(4) F*(w)is a fuzzy e-closed set for any
fuzzy opensetu =Y.

(5) For each x, € X and for each net (x£ )
which e-converges to x.in Xand for
each fuzzy open set u <Y such that
x € F~(u), the net (x¢ ) is eventually

in F~(w).

Proof. It can be obtained similarly as
Theorem 3.1.

Theorem 3.3. Let F: X -V be a fuzzy
multifunction from a fuzzy topological (X, 1)
to a fuzzy topological space (¥,v)and let
F(X) be endowed with subspace fuzzy
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topology. If Fis an upper fuzzy e-
continuous multifunction, then
F: X—F(X) is an upper fuzzy e-
continuous multifunction.

Proof. Since Fis an upper fuzzy e-
continuous,

F(XAF(X)) = F'(u) AFT(F(X)) =
F*(w

is fuzzy e-open for each fuzzy open subset
u ofyY. HenceF : X — F(X) is an upper
fuzzy e-continuous multifunction.

Definition 3.3. Suppose that (X,1), (¥,v)
and (Z, w) are fuzzy topological spaces. It is
knownthatif F;, : X > Yand F,: ¥ - Z
are fuzzy multifunctions, then the fuzzy
multifunction F;°F,: X — Z is defined
by (Fye F;)(x.) = Fp(Fi(x.))for each
x. € X.

Theorem 3.4. Let (X,7), (¥,v) and (Z,w)
be fuzzy topological spaces and let
F: X —-Y and G:Y — Z be fuzzy
multifunction. If F: X — Y is an upper
(lower) fuzzy continuous multifunction and
G:Y — Z is an upper (lower) fuzzy e-
continuous multifunction.Then
G o F: X — Zisanupper (lower) fuzzy e-
continuous multifunction.

Proof. Let A < Z be any fuzzy open set.
From the definition of G o F, we have
(G o F)*() = F*(6* (D)

(G oF) " (A) = F (G (A))), since G is an
upper (lower) fuzzy e-continuous, it follows
that G*(A)G~(A) is a fuzzy open set. Since
F is an upper (lower) fuzzy continuous, it
follows that F*(G* (1) (F (G (4))) is a
fuzzy e-open set, this shows thatG  Fis
an upper (lower) fuzzy e-continuous.

Theorem 3.5. Let F: X — Y be a fuzzy
multifunction from a fuzzy topological space
(X,7) to a fuzzy topological space (Y,v).If
F is a lower (upper) fuzzy e-continuous
multifunction and u = X is a fuzzy set, then

the restriction multifunction Flu: u — Y is
an lower (upper) fuzzy e-continuous
multifunction.

Proof. Suppose that § = Y is a fuzzy open
set. Let x.€ pand let x. € F~|u(B).
Since F is a lower fuzzy e-continuous
multifunction, it follows that there exists a
fuzzy open set x.€ p such that
p < F~(B). From here we obtain that
x. € pA pand p A u= Flu(f). Thus,
we show that the restriction multifunction
Flu is lower fuzzy e-continuous
multifunction. The proof for the case of the
upper  fuzzy  e-continuity of  the
multifunction F | is similar to above.

Theorem 3.6. Let F: X — Y be a fuzzy
multifunction from a fuzzy topological
(X,7) to a fuzzy topological space (Y,v),
let {4, : y € @}be a fuzzy open cover of
X. If the restriction multifunction £, = Fy,

is lower (upper) fuzzy e-continuous
multifunction for each y e @,then F is lower
(upper) fuzzy e-continuous multifunction.

Proof. Let u = ¥ be any fuzzy open set.
SinceF, is lower fuzzy e-continuous for each
¥, we know that R~ () = inty, (F, (1)) and
from here
Fu) A Ay = inty, (7 (W) A 4) and
F7(w) A A, = int(E (n) A 4,). Since
{4, + 4 € <lis a fuzzy open cover of X.It
follows that F~(u) = Int(F~(u)). Thus
we obtain that F is lower (upper) fuzzy e-
continuous multifunction. The proof of the
upper fuzzy e-continuity of F is similar to
the above.

Definition 3.4. Suppose that F: X — Y Is
a fuzzy multifunction from a fuzzy
topological space X to a fuzzy topological
space Y. The fuzzy graph multifunction
Ge:X —-XxY of F is defined as

Gr (xe) = {xe} X F(xe)
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Theorem 3.7. Let F: X — ¥ be a fuzzy
multifunction from a fuzzy topological space
(X,7) to a fuzzy topological space (¥,v). If
the graph function of F is lower (upper)
fuzzy e-continuous multifunction, then F is
lower  (upper)  fuzzy  e-continuous
multifunction.

Proof. For the fuzzy sets f <X, n =Y,
we take

0 ifz & B
(B xn)(zy) {n(}’) ifz € p
Let x, € X and let u € Y be a fuzzy open set
such that x. € F~(u). We obtain that
x. € G- (X xp))and X x uis a fuzzy open
set. Since fuzzy graph multifunction Ggis
lower fuzzy e-continuous, it follows that
there exists a fuzzy e-open set p=X
containing x. such that p = Gz (X X p)).
From here, we obtain that p < F~(u). Thus,
F is lower fuzzy e-continuous multifunction.
The proof of the upper fuzzy e-continuity of
F is similar to the above.
Theorem 3.8. Suppose that (X,7) and
(X. 1. ) are fuzzy topological space where
e€]. Let F:X—]l.5;X, be a fuzzy
multifunction form X to the product
space[l,c; Xe and let P:[[.c; X, — X, be
the projection multifunction for each e € J
which is defined be B, (x,) = {x.}. If Fisan
upper  (lower) fuzzy  e-continuous
multifunction, then P,oF is an upper (lower)
fuzzy e-continuous multifunction for each
e €]
Proof. Take any e, € J. Let p,, be a fuzzy
open set in (Xe,7y ) Then

(Pl;’o OF)+(#90) = F+ (Pe-; (lu'e{])) =
F+ (Ju'ec, X l_.[e;teo Xe)

(resp. )
(Poy °F) (o) = F~ (P (o)) =
F~ (Juec, X ne;teo Xe)

Since F is upper (lower) fuzzy e-
continuous multifunction and
sinceu,, X [loxe, Xe IS @ fuzzy open set, it
follows that F*(u, X [lexe, Xo) (resp.
F~ (g, X [leze,Xe) is fuzzy e-open in
(X,7). It shows that F, °F is upper (lower)
fuzzy e-continuous multifunction. Hence we
obtain that P,oF is an upper (lower) fuzzy e-
continuous multifunction for eache € J.

Theorem 3.9. Suppose that for each e € J,
(X.t.) and (Y.n.) are fuzzy topological
spaces. Let P:X,—>Y,be a fuzzy
multifunction for each e €] and let
F: [lee; X. = [lee; Y. be defined by
((x.)) = T.e; E(x,) from the product
space [[cc; Xcto product space [[.e; Ve If F
is an upper (lower) fuzzy e-continuous
multifunction, then each FE, is an upper
(lower) fuzzy e-continuous multifunction for
eache €.

Proof. Let u, < Y.be a fuzzy open set.
Then wu, x[l.2g¥s is a fuzzy open set.
Since F is an upper (lower) fuzzy e-
continuous multifunction, it follows that
F* (pe X Tlexp¥p) = F* (1) X

l_le;tﬁ’yﬁ, (F_(Jue X Heiﬁ’ YB) = F7 (1) X
[lezp Xp

) is a fuzzy e-open set. Consequently, we
obtain that F* (u,)(F~(u,.))is a fuzzy e-
open set. Thus, we show that F, is an upper
(lower) fuzzy e-continuous multifunction.

Theorem 3.10. Suppose that
(X1, 11), (X272), (¥y, v;) and (¥, vy)are
fuzzy topological spaces and
Fi:X, =Y, F,: X, = Ysare fuzzy
multifunctions and suppose that if n x S is
fuzzy e-open set then n and £ are fuzzy e-
open sets for any fuzzy sets n =V, f = V5.
Let F; X F:X; x X, =Y, xYV,be a fuzzy
multifunction  which is defined by
(Fy X F)(xc, ) = Fi(xc) X F(0). If
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F, x F, is an upper (lower) fuzzy e-
continuous multifunction, then F,and F,are
upper  (lower) fuzzy  e-continuous
mutifunctions.

Proof. We know that
(u" x B )(xe,3) =min{u”(x), B*(y)}fo
r any fuzzy sets p*, f* and for any fuzzy
point x.,v,. Let u X B =Y, x ¥, be a fuzzy
open set. It known that
(Fy X )" (ux B) = F (0) X E; (B).
Since F; xF, is an upper fuzzy e-
continuous multifunction, it follows that
Ft(u) X F5 (B)is afuzzy e-open set. From
here, Ff(u) and FEf(B)are fuzzy e-open
sets. Hence, it is obtain that F;, and F, are
upper fuzzy e-continuous multifunctions.
The proof of the lower fuzzy e-continuity of
the multifunction F; and F, is similar to the
above.

Theorem 3.11. Suppose that (X, ), (Y,v)
and (Z, w) are fuzzy topological spaces and

F:X -V, F:Y—>2Z are fuzzy
multifunction and suppose that if n x £ is a
fuzzy e-opens set, then n and g are fuzzy e-
open sets for any fuzzy setn =Y § = Z. Let
F, X F,: X — Y x Z be a fuzzy multifunction
which is defined by
(Fy X F5)(x¢) = Fy(xe ) X Fp(x¢). If
F, x F, is an upper (lower) fuzzy e-
continuous multifunction, then F, and
F,are upper (lower) fuzzy e-continuous
multifunction.

Proof. Let x, € Xand let u < B, B < Z be
fuzzy e-open sets such that x, € F*(u)and
x. €FT(B). Then we obtain that
Fi(x.) =pand F,(x.) < £ and from here,
Fl(xe) X Fz(xe) = (Fl X FZ)(xE) =uxp.
We have x, € (F; X F;)*(ux B). Since
F, x F, is an upper fuzzy e-continuous
multifunction, it follows that there exist a
fuzzy e-open set p containing x. such that
p=(F,xF)*(uxp). We obtain that
p < Ef(uw)and p < F;(B). Thus we obtain

that F, and F,are fuzzy e-continuous
multifunctions. The proof of the lower fuzzy
e-continuity of the multifunctionF; andF, is
similar to the above.
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